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I ntroduction

Let G = (V, E) be a simple graph. The dominatiofypomial of a graph G of order n is the polynon
D(G; X) =Z{‘=Y(G)d(G, i)x!, where d((, i) is the number of dominating sets of G of sizaridy(G) is the
domination number of G. For any verte:e V, the ogn neighborhood of u is the set N(u{v € V Juv e
E} and the closed neighborhood of u is the set N[N[®) U {u}. For a set S= V, the open neighborhood
S is N(S) =U,esN(u) and the closed neighborhood of S is N[S] =)M\U S. A set SC V is a dominating set
of G, if N[S] = V, or equivalently, every vertex M-S is adjacent to at least one vertex in S. For 1
information and motivation of domination polynons refer to [2] and [3].

Let G; and G be two disjoint graphs. Thehe vertex identification graph,€&, is obtained from Gand
G, by identifying the vertex &G; with veG,. The edge introduced graph:G, of two graphs is obtaine
from G, and G by introducing the edge e=uv between a vereG, with a vertex €G,. Let {(G;, W), (G,,
W), ..., (G, w} be a family of not necessary distinct conneategphs with rootus, W, ..., U, respectively.
A connected graph G=,6G;- ... G; is called the multiple coalescences gf G,,...,G provided that the
vertices 4, W, ..., 4 are identified to reform the coalescence veu. The ttuple coalescence graph
denoted byG't! is the multiple coalescence of t isomorphic copiea graph GThe complemel G° of G is
defined by taking V(§=V(G) and making two vertices u and v adjacentG’, if and only if they ar
nonadjacent in G. See [4] and [5].

Domination Polynomial of Graphs
In the following we study the definition and some results abagidibminatiol polynomial of graph
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Definition 1: [1] and [3] Let D(G, i) be the family of dominatjreets of a graph G with cardinality i and let
d(G, i) = ID(G, i)|. Then the domination polynonixG; x) of G is defined as

D(G; x) =Zl‘:’$((}é|) d(G,i)x!, wherey(G) is the domination number of G.
Theorem 1: [3] If a graph G consists of n components G . ,G, then
D(G; x) =DGx) = = = D(Gy; X).
Theorem 2: [2] and [3]
i) Let P..1 be a path graph of ordeprB, then,
D(R:1; X) = X[D(Ry; X) + D(Ri-g; X) + D(Rr-2 X)],
where D(R x) =1, D(R; X) = x, D(R; X) = X + 2x and D(B, x) = X + 3X + x.
i) Let G..1 be a cycle graph of ordern3,, then,
D(G.1; X) = X[D(GCy; X) + D(Gi-1; X) + D(Gy-2 X)],
where D(G x) = 1, D(G; X) = X, D(G; x) = ¥ + 2x and D(G, x) = x® + 3¢ + 3x.
iii) Let K, be a complete graph of order n, then, R = (x + 1)'— 1, for every re N.
iv) Let Kny nobe a complete bipartite graph, then, R(k x) = (x + 171 = 1)((x + 1J? - 1) + X* + X™.
Theorem 3: [6] and [7]
) Let S, be a star graph with ordepr8, then, D($; x)= XL, (-} )x! + 271,
i) Let W, be a wheel graph with ordeprd, then, D(W;; x)= D(S;; X)+D(Cn.1; X)-x"".
Theorem 4: [8] Let G be a graph. For any vertex u in G weehav
D(G; x) = xD(Glu; x) +D(G — u; x) + XD(G — N[u]; ¥ (X + 1)p(G; x), where |G; x) is the polynomial
counting the dominating sets of G — u which docwitain any vertex of N(u) in G.

Let G — u denotes the graph obtained from G by keinof u and all edges incident to u, G/u dendtes t
graph obtained from G by the removal of u and ttiditeon of edges between any pair of non-adjacent
neighbors of u and G — N[u] (or G —g[]) be a graph obtained by deleting all of thetices in the closed
neighborhood of u and the edges incident to them.

Corollary 1: [3] Let K¢, be the empty graph with n vertices. Then B(K) = X".

Theorem 5: [1] Let G;= (V(Gy), E(G)) and G=(V(G,), E(G,)) be nonempty graphs of order and n,
respectively. Then D(BG,; X)=(x(x+1)"+D(Gy; x))™, G°G,is the corona of two graphs.

Domination Polynomial of Some Graph Coalescence

In the following, we obtain the domination polyn@hiof some operation coalescence of a complete
graph K, and wheel graph Wvith some special graphs.

Proposition 1: The domination polynomial of vertex identificatiohtwo complete graphs is given by
D(Kn1*K iz, X)=XD(Kninz-3 X)+D(Kn1-z; X) D(Knao-X) + X . Andy (KoK 0)=1.

Proof: If nyj=n,=1, then D(K*K; X)=D(Ky; X)=x.

If n,=n,=2, then D(Ke*K,; X)=D(Ps; X)=xX*+3X*+X.

If ny, ,>2, apply Theorem 4, we have:

D(Kn1*Knz; X)=XD(K12Knu; X)+D(KnieKno-U; X)+XD(KneKno-NJu]; X)-(X+1)pu(KneKnz; X),

Note that, D(K:*Knz-U; X)=D(Kn1-1; X)D(Knz-1:X), D(Kn1*Kpz-U; X)=D(Gp; x)=1 and p(Kn1*Knz x)=0, then, by

the observations, the result hold.

Moreover, If n=n,=n, then D(KsK; x)=x(x+1)*"2 +((x+1)"*-1)".

Proposition 2: The domination polynomial of edge introducing betw two complete graphs is given by

D(Kni: Kz X)=XD(Knienz-3 X) + X D(Knz-gy X) D(Kn-g; X)+ D(Kni1; X) D(Knz; X)+ D(Knz-s; X)+, for all ny,

n, > 2. Andy(Kn:Ko)=2.

Proof: If n;=n,=1, thenD(K1:K1; X)=D(Py; X)= x*+2Xx.

If n;=n,=2, thenD(K»:Ky; X)=D(Ps; X)= X"+4x*+4x.

If ny, , >2 and let e=uv be an edge introducing betweenctwoplete graphs, apply Theorem 4 on vertex u,

we have:

D(Kni:Kng; X)= X D(Kn*Kpnz; X) + D(Knrm1; X) D(Kpp; X) + X D(Kno.g; X), and by Proposition 1, we get the

result.
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Definition 2: [5] Let G, and G be two vertex-disjoint non empty graphs. Letwe v; [1 G; and @=u, v, [
G,, then the edge identified graph @ G (Gl@/Gz) of G; and G is the graph obtained fromy@nd G by
identifying the vertices &u, and \=v, to obtain identified vertices u and v with exactiye edge uv
(respectively, ¥V, and =u, to obtain an identified vertice$and v with exactly one edgée\d).
Proposition 3: The domination polynomial of edge identificatidncomplete graph Kis given by
D(Kni@Knz X)=XD(Kn14n2-5 X)+XD(Kn+n2-4 X)+ D(Kn1-z X)D(Knz.z X)+2x. For all B, > 2.

Proof: If n;=n,=2, then D(K@Ky; X)=D(Ky; X)=x*+2x. And D(K,@"; X)= D(Ky; X).

If ny, > 2, then apply Theorem 4, we have:

D(Kn1@Kn; X)=XD(Kp1+n2-3 X)+ D(Knr1°Kno.1; X)+X, and by Proposition 1, we get the result.

Moreover, If n=n,=n, then D(K@Kp; x)=x(x+1)*"Hx(x+1 )"+ ((x+1)">1).

Definition 3: [5] Let w[JG; and ylJG,, then, theconeighboracation graphiG G, of G, and G is the graph
whose vertex set is V@V(G,) and E(GO G,)= E(G)UE(G,)U{xu,Uyu;, XONg1(uy), YONg(U)}. It is
clear that p(@J] G)=ps+p, and q(GL! G;)=0u+0p+061(Ur)+Oc2(Uo).

Proposition 4: The domination polynomial of coneighboracatiorcomplete graph Kis given by

D(KniO Kz X)=XD(Kn1+nz-3 X)+XD(Knrnz24 X)+ D(Kn.1; X)D(Knz.1X).

Proof: If n;=n,=2, then D(KK;; X)= D(Cy; x), and D(KO"; X)= D(Kn,n; X)-

Now to prove that if § n,> 2, then, use Theorem 4 and Proposition 1, weéhgetesult.

Theorem 6: The domination polynomial of t-tuple coalescenteamplete graph Kis given by:

DK™, 5 x)=x[(xt 1) -1]+(x+ 1) 1] 4x.

Proof: Apply Theorem 4, we have:
D(K™, ; X)= XD(Kignay; X)+[ D(Kn.1; X)]“*XD(Ko; x)-(1+x)p (K", ; ).
Note that, p(K", ; x)=0, D(Ko; x)=1 and by Theorem 2 (iii), we get the result.

In the following, we obtain the domination polyn@hbf edge introducing graph between two t-tuple
complete graphs and identified two t-tuple comptggphs by a path graph of order 3.
Proposition 5:
1) DKz K x)= X D(Kinrenzzj X)+ X D(Kinzy X) [D(Knzs; X)]H[D(Kpgg X)][X[(x+1) -
1HO+D) -1 +X]4+XD(K o5 )]+
2) D(K"1(Ps)K 2 x)=xD(K"1:K"hzs x)+D(K"z; X) D(K"2 X)-[D(Kqni-15 X)I'[D(K ynz-1 )]
Proof:
1) Apply Theorem 4 on the rooted vertex dfiK we have:
D(K"1: KM X)=x D(Kyng-1ys 2Kz X)+ [D(Kngz; X)]' DKM X)+X[D(Knoi; X)]', and apply again Theorem 4
on the rooted vertex of D¢l.1)+#K".2; X), we have:
D(tK"'nl: KMz X)=X[X D(Kinienz-25 X)+ D(Kia-zy X) [D(Knz-t; ¥)]' +X]+ [D(Knzss X)]' DKz X)+X[D(Kz-s;
)]

=x° D(Kyn1+nz-25 X)+X D(Kin1-1y X) [D(Knz-g; X1 +X2+[D(Kn1-1; x)]' D(Kltlnzi X)+X[D(Knz.3; X)]'

, and by Theorem 6, we get the result.
2) Apply Theorem 4 on the rooted vertex betweéf, lind K'.,, we get the result.
Definition 4: [5] Let (u, G ) be b rooted graphs, i=1, 2, ..., b, wheris @ root of G Let K; be the trivial
graph with vertex v, then the b-bridge tuple grd@bﬁci) is a graph obtained froi, U?_, G; with extra b
bridges, namely yui=1, 2, ..., b.

Theorem 7: The domination polynomial of b-bridge coalesceoiceomplete graph Kis given by

D(K; s X[ (x(x 1) 06 1)1+ 1) ™41 [ 1) 11

Proof: Apply Theorem 4, we have:

D(K?(K"); X)= Da(lf(K")/u; X)+ D(Kll’(K“)-u; X)+X D(Kll’(K")- N[u]; x) - (x+1) Q(K?(K"); X).

Note that, DK?(K“)/U; X)=D(KyoK.1; X), by Theorem 5, we have:

D(KpoKn1; X), =[x(x+1)™+ (x+1)"-1]° and DK>“™-u; x)= [D(K,, X)I",
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DEPEW-N[U]; X)=[D(K p, X)I° and pKPE™; x) = [D(Kna, 1.

Then, DKL x)=x[D(KeKn.z; X)1+ [D(Kn, X)+XD(K 1, X)I°- (x+1) [D(Kng, X)]".
Hence, DKY®; x)= x[(x(x+1)" S+ (x+1)" - 1))+ [(x+1)™1]°- [(x+1)"-1]°,
Proposition 6:

1) D(Kn@G;; X)=xXD(Ky@G,.1; X)+ D(Kp.12Pr.1; X)-D(P3; X).

2) D(KCh; X)=XD(Kn+1@G,.1; X)+ D(K;.1; X) D(P,.1; X)-XD(P,.3; X).

3) D(KnOCh; X)=XD(Kpn+2@GC,.1; X)+ D(Ky*Cyy; X)-XD(Py.3; X).

4) D(Kn:Cp; X)=XD(KeCy; X)+ D(K,.1; X) D(Cy; X)- D(Pr.1; X).

Proof: For all cases use Theorem 4, we get the results.

Now, we define another operation of two graphs.
Definition 5: The coneighboracation of edge introduced gragegof two graphs is obtained fromy @Gnd
G, by introducing the edge esy between a vertex;8G; with a vertex peG,. And introducing w with
Ng2(Up) and introducing awith Ngy(Uy).

In the following proposition, we obtain the domioat polynomial of coneighboracation of edge
introduced graph of KeK,and K;6C..
Proposition 7:
1) D(KneKnz X) = X D(Knienz-) + D(KnioKz; X)+x.
2) Let K,; and G, be the complete and cycle graphs of orderdrespectively, then,

D(K1Cr2) = X D(Kn1:2@GCp-1;X) + D(Kn1°Crizy X) + X D(Ri2-3X).

Proof: For two cases use Theorem 4, we get the result.
Proposition 8:

D(GeR,; X)=X[D(G*P,.1; X)+ D(G*R, 2 x)+ D(G*R,.5; X)], n> 3.
Proof: Let u be the end vertex of a path graphttien, apply Theorem 4, we get the recurrencéioala
Proposition 9:

1) D(Kn1*Snz; X)= X D(Kn14no3 X)+X ' D(Ky.1; X)+X.

2) D(Knz: Shz; X)= ¥D(Kngnz-3 X)X ?D(Kngz; X)+D(Kns-z; X) D(Siz X)+X™ X%,
3) D(Kn@S.2; X)= D(Kn1#Si2-2; X).

4) D(KnOShz X)= X D(Kn14n2-5 X)+XD(Kngnz-3 X)X D (K11 X).

5) D(Kn10Shz X) = X D(Kn1+nz-3 X)*+ XD(Kn1+n2-3 X)+Xn2_lD(Kn1—l§ X)+2X.

Proof: For all cases use Theorem 4, we get the results.

In the following proposition, we obtain the domiioat polynomial of the complement of some
coalescence of complete graphs.

Proposition 10:

1) D((Knl:KnZ)c; X)= D(KnlynZ'e; X)-

2) D((KneK )% x)=x[((x+ D)™ 1) (+ 12 - 1) x4+,

3) D((Kn@Kn)®; X) = ((x+1)™ 1) (x+ 1 1)) [+ 4+,

4) D((KnOKp) X)= (C+2X)[((x+1)™ -1) e+ 12 1))+ X Hx™),
5) D((KnoK )% X)= X[((x+1)"™ 1) (x+1)2 1)) +x"+x"™

Proof: For all cases directly using the definition of gdement graph and Theorem 1, we get the results.
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In the following, we obtain the domination polyn@iof wheel graph with coalescence of some special
graphs. And the coalescence between any two graiiize with the center vertex of wheel graphs. Rer
4, the wheel graph Ws defined to be the graph k G,...

Proposition 11:

1) D(WpWp; X)= X D(Kznz X)+[D(Co.g; X)]+X.

2) D(Wn1:Whg; X)=X*D(Knenz-3 X)*+XD(Knz-; X)D(Crz-1; X)+D(Why; X)D(Cr-z; X)+XD(Cra-z; X)+X.
3) D(WoOW,y; X)=XD(Kn4nz-3 X)+XD(Knzz; X)D(K-1:X) +XD(Kan.z X)+[D(Croz; X)]*4+X*+2X.

4) D(WeWp; X)=X D(Kzns; X) + XD(Kan.2 X)+[D(Cp.z; X)[+2x.

5) D(W™,; x)=xD(Kin.1; X)*+[D(Ch.1; X)]“+x.

6)  DEEM™; )=x{x(x+1)"+D(Coy; X)]™* [D(Wy; X)]*-[D(Crsi X)]"

Pr oof:

1) Apply Theorem 4 on the identified vertex, say e, vave:

WoeWu=Kon WeeW-u=G,1UC, 1, WeeW -N[u]=G, and Rp(W. W, x)=0, then, DWW, X)=
XD(WsW/U; X)+D(WeWp-U; X)+XD(WeeW-N[U] ; X) - (X+1) p(WpeW,,; X)= XD(Kzn2 X)+D(C,1UC,4;
X)+XD(Gg; X) - (X+1)p(WreWp; X),

Therefore, D(WeW,; X)= X D(Kan.z, X)+[D(Cn.1; X)]*+X.

2) Let u be the center vertex inyand v be the center vertex in,\Wthe edge introducing between
W andW,,, is W,: W, and e=uv. First, apply Theorem 4 on the vertex Wj; and again apply Theorem 4
on the vertex v in B4, we get the result.

3) Use Theorerd; we get the result.

4) Use Theorerd; we get the result.

5) Apply Theorem 4 on the tuple coalescence vertexusave get the result.
6) Apply Theoremd; we have:

D(K?(W“); x)=xD(K11°(W“)/u; X)+ D(K?(W“)-u; X) + xD(Kll’(W“)- N[u]; X) - (x+1) pJ(Kll’(W“); X).

Note that, DK?(W“)/U; X)=D(GyoC,.1; X), by Theorem 5, we have:
D(CooCrz; X)=[x(x*+1)" ™+ D(C,.5; )]° and DKEW™-u; x)=[D(Wy; X)1°,
DK™ -N[u]; X)=[D(Cns; ¥)]°, and pRE™™; x)= [D(Cri; )1
Then, DKYM™); x)=x[x(x+1)"% D(Cy; X)]° + [D(Wy; X)]*-[D(Cpz; X)]I".
Proposition 12:

1) D(WpreKp; X)=X D(Kzn.2; X)+ D(Wh.1; X) D(Kp.1; X)+X.

2) D(Wn:Kp; X)=x D(Kq*Ky; X)+ D(Ky,; X) D(G.1; X)+x D(Kp.g; X).
3) D(W,OKp; X)=X D(Kzn.1; X)+ D(WpeKp; X)-X.

4) D(W,@K,; X)=xD(Kr@K,.1; X)+D(K,@G,.1; X)*+x D(Kpn.2; X).

5) D(WreK; X)=XD(Kzn.1; X)+D(KpeCh.1; X)+X.

Proof: For all cases apply Theorem 4 on the center verftesheel graph, we get the results.
Proposition 13:

1) D(WpeC,; X)=X D(Kan.g X)+ D(G,.1; X)D(Ph.1; X)+X D(R..3; X).
2) D(W,:Cy; X)=x D(Kp.1*Cp; X)+ D(G;; X) D(GC.1; X)+X D(P,.1; X).
3) D(W,OCp; X)=x D(Kn#Kp; X)+ D(WieCry X)+X2.

4) D(Wn.1@GC,; X)=x D(K,@G,; X)+ D(CG@GC,; X)+ XD(P,.; X).
5) D(WCy; X)=X D(Kzn.1; X)+ D(WpeCy; X)+X
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Proof: For all cases apply Theorem 4 on the center verftgsheel graph, we get the results.
Proposition 14:

1) D(Wh1Shz; X)=X D(Kn1snz-3 X)+X">'D(Cry.z; X)+X.

2) D(Whi:Suz; X)= X D(Kntnz-3 X)+X">'D(Craz; X)+ D(Crrz; X)D(Szy X)+X"54x.
3) D(Whn1dShz; X)= XD(Knz+n2-3 X)+XD(Kn14no-3 X)+Xn2_lD(Cn1—1; X).

4) D(Wn@S2; X)= D(Whn1*Sh2-2 X)-

5) D(Wn18Shz;, X)= XD(Kn4nz5 X)+XD(Knzinz-s X)+X" 2 D(Chy.g; X)+2x.

Proof: For all cases apply Theorem 4 on the center verftgheel graph, we get the results.
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